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Physical context

A quantum system evolving in Q, a finite dimensional Riemannian
manifold, is described by its wave function 1) in the unit sphere of
L%(£2,C). The system is in the subset w with probability | |¢[2dpu.
The time evolution is given by the Schrédinger equation

0y
ig, (1) = (A + Vx))e(x,t)



Bilinear quantum systems
0e00000000

Physical context

A quantum system evolving in Q, a finite dimensional Riemannian
manifold, is described by its wave function 1) in the unit sphere of
L%(£2,C). The system is in the subset w with probability | |¢[2dpu.
The time evolution is given by the Schrédinger equation

0y
ig, (1) = (A + Vx))e(x,t)

When submitted to an external field (e.g., a laser) with time
variable intensity, v satisfies
9y

igr = (A + V))e(x, t) + u(t) W(x)i(x; t)
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Abstract framework

dyp
—p =AU+ u(t)BY

@ H : complex Hilbert space with Hilbert product (-, -).
o A: D(A) — H skew-adjoint;
0 {0,1}CUCR

e B: D(B) — H skew-symmetric such that D(A) N D(B) is
dense and A + uB is essentially skew-adjoint for every v in U;

Solution with piecewise constant controls

If u:[0, T] — U is piecewise constant, u = > ; ujl(s, ¢1r)

u — o(t=t)(A+uB) o gTi—1(A+ui—1B) o ... o gT1(A+u1B)
T gtho = oe oroe o

These are ultra-weak solutions in the sense of Lions 1958.
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Larger class of admissible controls (Kato, 1953)

A-boundedness

B is A bounded if there exists ¢; > 0, ¢, > 0 such that for every x
in D(A), [|Bx|| < al|Ax]| + e/ x|l.
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Larger class of admissible controls (Kato, 1953)

A-boundedness

B is A bounded if there exists ¢; > 0, ¢, > 0 such that for every x
in D(A), [[Bx|| < cl|Ax|| + c[|x]-

Well posedness of the bilinear evolution equation x’ = Ax + uBx

If A is skew-adjoint and B is A-bounded, then T“ admits a
continuous extension to the set of controls u with bounded

variation and taking value in (—c; %, ¢ %)

Energy estimate
In this case, D(A) is stable by T“ and there exists C(A, B) s.t. Vu,

IAT {40l < C(A, B)e“ABTVE(| Aol + [[4ol))

TV (u) = |u(0)| + [z |t/|dX, valid for every t > 0.
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Controllability results

/
X

(A+ uB)x, x€H
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Controllability results

x" = (A+ uB)x, x€eH

@ Linear test
e Beauchard, Coron, Laurent, Morancey, Marbach, Nersessyan,
Duca,..
Find a suitable (Banach, Hilbert,...) subspace G of #;
e Prove that the input-output mapping T; : U — H is
differentiable (in a suitable sense) ;
Prove that d7T; : U/ — G is a bijection;
Apply some inverse/implicit function theorem.
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Controllability results

x' = (A+ uB)x, xeH

@ Linear test
e Lyapunov techniques
o Nersessyan, Mirrahimi, Rouchon, Beauchard,...
o Compute % ||[¥sager — x(t)|| in terms of u;
o Chose u such that & |[¢)targer — x(t)]| < 0;
o Conclude with some extension of Laplace invariance theorem;
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Controllability results

x' = (A+ uB)x, x€H

Linear test

Lyapunov techniques

These techniques heavily rely on the regularity of A and B.

B must be bounded.
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o If A is self-adjoint (=symetric), then A is diagonalizable.
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Spectral theorem for self-adjoint operator (dim H < co)

o If A is self-adjoint (=symetric), then A is diagonalizable.
@ Spectrum o(A), spectral projector P, for eigenvalue \ € o(A)

o A= Z APy,

Aeo(A)

o A— / APyd,,(\) with measure 1 = Z)\EO’(A) 0.
R

Spectral theorem

The same construction can be extended to unbounded self-adjoint
operators in infinite dimensional spaces.
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Spectral measure

Projection valued measure

Family ('DQ)QELeb.me(R) such that
@ Each P : H — H is an orthogonal projection
° Py=0, P = Id
N
° Q= U,Q, (disjoint sets), then V¢, Py = lim > Poi

n=1

PQIP92 = PQ;[ﬁQz
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Spectral measure

Projection valued measure
Family ('DQ)QELeb.me(R) such that
@ Each P : H — H is an orthogonal projection
° Py=0, P = Id
N
° Q= U,Q, (disjoint sets), then V¢, Py = lim > Poi
n=1

° PQIP92 = Pﬂlﬂﬂz

.

For every ¢ in H, (¢, Pqt) is a Borel measure on R.
By polarization, (¢, Pq¢) is a complex measure on R.

A
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Spectral theorem for self-adjoint operator

(see for instance Volume 1 of Reed—Simon, Theorem VIII.6)

There is a one-to-one correspondence between self-adjoint
operators A and projection-valued measure {Pq} on H, given by
A= [ AdPy.
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Spectral theorem for self-adjoint operator

(see for instance Volume 1 of Reed—Simon, Theorem VIII.6)

There is a one-to-one correspondence between self-adjoint

operators A and projection-valued measure {Pq} on H, given by
A= [ AdPy.

A

Functional calculus

“+00

(1, 8(A)9) = / g(N)d(e, Pro)

—00

A
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Spectral theorem for self-adjoint operator

(see for instance Volume 1 of Reed—Simon, Theorem VIII.6)

There is a one-to-one correspondence between self-adjoint
operators A and projection-valued measure {Pq} on H, given by
A= [ AdPy.

A

Functional calculus

“+00

(1, 8(A)9) = / g(N)d(e, Pro)

—00

A

The measure Py, may be decomposed in three parts
"discrete” part (atoms), gives the eigenvalues and eigenvectors.

absolutely continuous (L' density) part with respect to
Lebesgue measure.

©0

© singularly continuous part.
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Orthogonal decomposition

H = Hp ® Hc with H, the closure of the span of eigenvectors.
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Motivation of this talk

Orthogonal decomposition

H = Hp ® Hc with H, the closure of the span of eigenvectors.

Tp : H — Hp is not a spectral projector in general.

@ Most of the results in the literature deal with the case
@ Some exceptions
e Mirrahimi 2008 : Lyapunov techniques, dimension 1, B
bounded.
e TC 2012-2013 : averaging, B bounded and continuous
spectrum split from pointwise spectrum.
@ No available result about eigenvalues immersed in the
continuous spectrum.
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Example of the vibrations of OH-bonds in a water molecule
Morse potential and Mecke interaction potential

Q =10, +o0[
.0y r?
e (A _De[?])w
—_———

Harmonic oscillator
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Example of the vibrations of OH-bonds in a water molecule
Morse potential and Mecke interaction potential

Q =]0,+o0[
120 — (A D1 eIy

Morse potential
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Morse potential
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© Averaging techniques
@ Periodic excitations and non degenerate transitions
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Averaging techniques (principle)

Newton, Lagrange, Poincaré, Bogoliubov, Verduyn-Lunel, Hale, Fox,..

{i(O) _ ig(t’x) and {Y' - F(y)

have solutions “e-close” for t < % if fis “regular’ and

fly) = lim =
(y Tinoo / ty

Well known in finite dimension with C? functions.
cf Verlhust many extensions in the last century.

Verduyn-Lunet et Hale, 1990 extension in infinite dimension
for f C1.
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Quantum averaging

Plugging y = e "x in x = (A+ uB)x gives y = u(t)e " Bey. If
A is diagonal (eigenvalues i\1,i)p, .. ...), using eu(t)

zZ=¢ bjk im0 % fOT ei(Af_Ak)tU(t)dt z

Periodic excitations : principle

If uis )\k%”/\j—periodic, there remains only the transition j <> k.
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First results of averaging
U. Boscain, M. Caponigro, TC, P. Mason, M. Sigalotti, 2009—2012

Assumption : basis of eigenvectors

@ A is skew-adjoint with domain D(A);
@ B is skew-symmetric;
© there exists a basis of # made of eigenvectors of A;

@ ¢1 and ¢, are two eigenvectors of A of norm 1, associated
with eigenvalues —i\; and —il\s;

Q@ )\ < X\ and <¢1,B¢2> # 0;

@ for every eigenvalues —ip and —iy/ of A, associated with
eigenvectors v and v/, |A\1 — A\a| = | — /| implies
{A1, A2} = {p, p'} or {Ar, Ao} N {p, '} =0 or (v, Bv') = 0.
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First results of averaging
U. Boscain, M. Caponigro, TC, P. Mason, M. Sigalotti, 2009—2012

Proposition

Let (A, B, ¢1, d2, A1, A2) satisfy Assumption 1. Then there exists
u. : [0, T.] = (=1, 1) such that [TE o1 — ¢ofl <e.

a’a

o Explicit form of the control : piecewise constant approximation
of t + sin(|A1 — A\2|t)/n for n large enough.

@ Robustness with respect to perturbations of the spectrum of A
(as long as A\ and )\, remain unchanged).

@ Robustness with respect to perturbations of B (as long as
(¢1, Boo) does not vanish).

@ In general, no explicit estimates of n (and the time) in terms
of A, B and ¢.
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Slightly better averaging results

O A is skew-adjoint with domain D(A);

@ B is skew-symmetric ;

© B is bounded relatively to A : V¢ in D(A), ||BY| < a||Ay||;

@ ¢1 and ¢, are two eigenvectors of A of norm 1, associated
with eigenvalues —iA; and —i)y;

Q@ A1 < Xz and (¢1, Be2) #0;

@ for every eigenvalues —ip and —iy' of A, associated with
eigenvectors v and v/, |A\1 — Xo| = | — p/| implies
{1, A2} = {u, '} or {1, o} N {p, '} =0 or (v,Bv)=0;

@ the essential spectrum of iA (if any) does not accumulate in
any of these four points : 21 — A2, A1, Ao and 25 — 1.

000 —
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Slightly better averaging results

Proposition
Let (A, B, ¢1, 2, A1, A2) satisfy Assumption 1. Then, for every
e >0, for every r < 1, there exists u : [0, T] — (—1,1) such that

IAI(TF 61 — d2)|| <e.

e Explicit form of the control : t — sin(|A\1 — Az|t)/n for n large
enough.

@ Robustness with respect to perturbations of the spectrum of A
(as long as A1 and Az remain unchanged).

@ Robustness with respect to perturbations of B (as long as
(¢1, Bda) does not vanish).

e Explicit estimates of n (and the time) in terms of A, B and «.

@ For most of the usual systems, convergence in higher norms
can be recovered from regularity arguments.
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The curse of essential spectrum

@ In the absence of basis of eigenvectors of A, use von Neumann
theorem to condensate the spectrum of A: A~ A, ;
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@ In the absence of basis of eigenvectors of A, use von Neumann
theorem to condensate the spectrum of A: A~ A, ;

@ Estimate the time needed for the transition 1 <> 2 (up to ¢)
for Ay ;

o If the above estimates are uniform in «, pass to the limit and
get the result for a = 0.
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The curse of essential spectrum

@ In the absence of basis of eigenvectors of A, use von Neumann
theorem to condensate the spectrum of A: A~ A, ;

@ Estimate the time needed for the transition 1 <> 2 (up to ¢)
for Ay ;

o If the above estimates are uniform in «, pass to the limit and
get the result for a = 0.

If B is not bounded with respect to A, | do not know how to
estimate the time.




Averaging techniques

00000080

Example of the vibrations of OH-bonds in a water molecule

Morse potential and Mecke interaction potential

Q =]0,+o0o[

8¢ o r2 )
‘ 5 = (A _De[E] (0
—_————

Harmonic oscillator
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Example of the vibrations of OH-bonds in a water molecule

Morse potential and Mecke interaction potential

Q =10, +o0[
% _ o _ —B(r—re)y2
v (A —Dc[1—e 19) v

Morse potential

Te
Internuclear Separation (r)
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Example of the vibrations of OH-bonds in a water molecule

Morse potential and Mecke interaction potential

Q =10, +o0
aw —B(r—re)12 —L
(8 —DfL—e )y i u(t)puore v

Morse potential

1.67
144
1.2
1.0
0.8
0.6
0.4
0.21

0.0

1 2 3 4 5 6 7 8 9 10

Te
Internuclear Separation (r)
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Example of the vibrations of OH-bonds in a water molecule

Morse potential and Mecke interaction potential

Q =]0,+oo[
(A —De[1—e P2 o 4 u(t) porey

Morse potential

Te
Internuclear Separation (r)
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Morse potential Morse —i—l—lox Morse +x

A misleading result

There exist a sequence w, converging to A — A1 and a sequence u,
of i—’r—periodic piecewise constant functions such that

1T 70p1 — @2 — 0.
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© A decoupling result
@ Variation on the RAGE theorem
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The RAGE theorem

(see Reed—Simon, Volume 3, Appendix XI.17)

Definition

C is A-compact if C(A+ 1)1 is compact (< C sends bounded
sets of D(A) to relatively compact sets in H).
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The RAGE theorem

(see Reed—Simon, Volume 3, Appendix XI.17)

C is A-compact if C(A+1)~1is compact (< C sends bounded
sets of D(A) to relatively compact sets in H).

RAGE Theorem (Ruelle, Amrein, Georgescu, Enss)

If Ais skew-adjoint, and C is bounded and A-compact, then for
every ¥ in m<H,

. 1 T tA
Jim o7 ) lce™vlde=0
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A time-varying RAGE theorem

Proposition (N. Boussaid, M. Caponigro, TC)
Let A be a skew-adjoint operator on H. Let (up)nen be a bounded

sequence in L}(R) such that (|us|)sen converges pointwise to 0 on
R\ D with D C R countable. Then, for any compact operator C
on H, for any ¢ € H

g e /\un(t)\ | crtimenen]| a = o.
N0 reB(R), [llost JR
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A time-varying RAGE theorem : sketch of the proof

lim / |un(t)] HCetAﬂCwH dt = 0.
n—oo R

@ Assume C has rank one

@ By Cauchy-Schwarz : it is enough to show

lim /|u,,(t)| Hcewacq/)Hz dt = 0.

n—o0 R

o [|Ce™||? = (¢, e )2 = | [ e (¢, dPx(1)))[? the integral
can be rewritten in term of Fourier transform of the spectral

measure
o Wiener theorem [, up||fa2dt = [, |/u:|(—) * o dp —

Y xeRxoen W0)u({x + x0})p({x})
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A new result

Decoupling theorem (N. Boussaid, M. Caponigro, TC)

Assumptions
@ A skew-adjoint, B is A-compact
e T“P : propagator associated with m,Am, and 7,B7,
o (up) is bounded in L', bounded in norm TV, and ]/u,,\] tends to
zero on R\ D with D countable.

Conclusion

lim sup |7 "o — T Prpoll = 0.

n—o0o t>
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A decoupling result, proof 1/4

Assumption : B is bounded with finite rank. By Duhamel formulas
(Kato, 1953, strong solutions if ¢pg € D(A))

t
T T ho = e rpdo +/ =94y, ()1, B, T ds

0

t
—i—/ et Ay, (8)m, B Ty ds
0
t
To(A)TE"P o = ey + /0 et~y (s)mp B, TP g dis.
|mp T o — T;’"’pﬂquoH

t
/ =94, ()1, B T o ds
0

<

t
+/0 |un(S)IIBI| 7T 5" b0 — Ts"Pmpol| ds.
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A decoupling result, proof 2/4

Gronwall Lemma :
|mpT e po — T Prpgol| <

t
/ =94y, (s)m, B T o dss
0

el 18I

Hence the result amounts to prove that

lim sup =0,

n—o0 t>0

t
/ (=AY ($)m, B T b ds
0

or
lim sup =0.
n—o0 t>0

t
/ e A un(s)mpBrc T po ds
0
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A decoupling result, proof 3/4

S
e_SA'T';’"gbo = ¢o + / e_TAun(T)B'T‘g"ng dr.
0

The set
T ((un)nen) := {4 ¢o, 7 >0, n € N}
is bounded in D(A) hence (since B is A-compact)
BT ((un)nen) := {BT%¢o, 7 >0, n € N}

is relatively compact in . Hence, for every § > 0, there exist
Y1,....00n in H such that

N
BT((un)nEN) - U BH(ZDk,(S).
k=1

Partition of the unity : Z,N Fi=1,0<F <1 F(x)=0if
[Ix = i| > 20.
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A decoupling result, proof 4/4

s s N
/ e A up() BT g dr = / e un(r)B(S Fi(T¥60)) T o dr
0 0

i=1

N
S
_ / S (T gg)e Aun(r) BT g dr
0 j=1

s N
~ / S F(TU do)e un(r) By dr
0 =1

+ (< [1Bllflunll26)
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A decoupling result, proof 4/4

N

/5 e TAup(T)BT U po dr = /S e_TAUn(T)B(Z Fi(T7¢0)) T ¢o dr
0 0

i=1

N
S
= [ Rl o0)e Aun(r)BT I g dr
0 =1

s N
m/ ZFi(TgnﬁbO)e_TAun(T)Bd)idT
0 i

+ (< [1Bllflunll26)

@ Use the time varying version of RAGE (proof ok if B is
bounded).
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A decoupling result, proof 4/4

N

/5 e TAup(T)BT U po dr = /S e_TAUn(T)B(Z Fi(T7¢0)) T ¢o dr
0 0

i=1

N
S
= / > Fi(Tengo)e ™ un(7) BT g dr
0 i1

s N
~ / S F(TU do)e un(r) By dr
0 =1

+ (< [1Bllflunll26)

@ Use the time varying version of RAGE (proof ok if B is

bounded).
o If B is not bounded :
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A decoupling result, proof 4/4

N

/5 e TAup(T)BT U po dr = /S e_TAUn(T)B(Z Fi(T7¢0)) T ¢o dr
0 0

i=1

A ZF(T“" )&~ Aun(r) BT g dr

-/ 3 Rt d0)e™ Aun () Bus dr
0 i

+ (< [1Bllflunll26)

@ Use the time varying version of RAGE (proof ok if B is
bounded).
e If B is not bounded :
e since B is A-compact, B = Br + B, with Bf having finite rank
and B.(A+ 1)~ arbitrary small
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A decoupling result, proof 4/4

N

/5 e TAup(T)BT U po dr = /S e_TAUn(T)B(Z Fi(T7¢0)) T ¢o dr
0 0

i=1

:/ ZF;(Tg”qﬁo)e_TAun(T)BTg"gbo dr

/ZF (T TAU,,(T)BQ,Z),’dT

+ (< [1Bllflunll26)

@ Use the time varying version of RAGE (proof ok if B is

bounded).
e If B is not bounded :
e since B is A-compact, B = Br + B, with Bf having finite rank
and B.(A+ 1)~ arbitrary small
e small perturbation on B induces small perturbations on T
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@ Conclusion
@ Achievements and some open questions
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Take home message

Averaging
@ Well-known control technique.

@ Works very well on the pure-point spectrum part with very few
regularity assumptions.

@ Works also with mixed spectrum if B is A-compact.

.

Using compactness to deal with continuous spectrum

e If B is A-compact, averaging controls do not couple
continuous and pure point spectrum.

@ Everything is as if the continuous part did not exist.

\,
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Some open questions

e Should work when B is A-bounded and 7,Bm. is A compact ?
@ Robustness of the controls?

@ How much time do you need for this?



Conclusion
[e]e] o]

Some open questions

e Should work when B is A-bounded and 7,Bm. is A compact ?
@ Robustness of the controls?

@ How much time do you need for this?

Thank you.
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